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Abstract
In their elegant and powerful approaches to automatically proving hypergeometric identities,
Wilf and Zeilberger have taken a truly insightful advantage of holonomic hypergeometric terms.
Moreover, they have shown that all proper hypergeometric terms are holonomic, and they have
conjectured that the converse should hold as well. In this paper, we introduce a canonical
representation of double hypergeometric terms, which we call the standard representation. We show
that in the case of double hypergeometric terms, the Wilf–Zeilberger conjecture is true. We note
that Abramov and Petkovšek [Preprint Series 39 (748) (2001)] has independently obtained the same
result.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Wilf and Zeilberger have developed a series of elegant and powerful methods to
automatically prove identities involving (q-)hypergeometric terms (see [5]). In their
approaches, a fundamental hypothesis is needed, that is, the hypergeometric terms must
be holonomic. On the other hand, Wilf and Zeilberger [8] have shown that every proper
hypergeometric term is holonomic and they have conjectured that the converse should hold.
In this article, we introduce a canonical representation of the double hypergeometric terms,
which we call the standard representation. Based on the two basic recurrence relations of
double hypergeometric terms, some properties of the representation are obtained. Using
these properties, we show that there exists a k-free recurrence relation for a double
hypergeometric term if and only if it is proper. Consequently, every holonomic double
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conjecture in the case of double hypergeometric terms. We note that Abramov and
Petkovšek [1] has independently obtained the same result. I would like to thank Professor
Zeilberger for bringing my attention to the recent work of Abramov and Petkovšek.
We now recall some notation and definitions. The sets of integers, positive integers and
nonnegative integers are denoted by Z, Z+, and N, respectively. Furthermore, we denote
the set of complex numbers by C. A double hypergeometric term is a function F(n, k) such
that both F(n + 1, k)/F (n, k) and F(n, k + 1)/F (n, k) are rational functions of n and k.
A hypergeometric term F(n, k) is said to be proper if it is of the following form:
P(n, k) ·
∏M
i=1(ain+ bik + ci)!∏N
j=1(a′j n+ b′j k + c′j )!
zn1z
k
2,
where P(n, k) is a polynomial, ai, bi, a′j , b′j ∈ Z and ci , c′j , z1, z2 ∈ C. Suppose that there
exist polynomials aij (n, k), 0 i  I,0 j  J , of not all zeros, such that
∑
0iI, 0jJ
aij (n, k)F (n+ i, k + j) = 0. (1.1)
Then we call Eq. (1.1) a recurrence relation of F(n, k). Furthermore, if all the polynomials
aij (n, k) are independent of k, then (1.1) is a k-free recurrence relation of F(n, k).
Let us now recall the following definition of holonomic functions.
Definition 1.1 [2]. A function f (x1, . . . , xn) is holonomic when its derivatives span a
finite-dimensional vector space over the field of rational functions in the xi ’s. A discrete
function is holonomic when its multi-variable generating function is holonomic.
In this paper, we need the following property of holonomic functions [9]:
Proposition 1.2. Suppose F(n1, . . . , nm) is a holonomic hypergeometric term. Then there
exist I ∈ N and polynomials ai1,...,im(n1) of not all zeros such that∑
0i1,...,imI
ai1,...,im (n1)F (n1 + i1, n2 + i2, . . . , nm + im) = 0.
It follows that for a holonomic double hypergeometric term F(n, k), there exists a k-free
recurrence relation.
This paper is organized as follows. In Section 2, we introduce a representation
of rational functions of two variables. In Section 3, we get the general form of the
double hypergeometric terms in terms of its standard representation (Corollary 3.6).
Then, in Section 4, we prove that all holonomic double hypergeometric terms are proper
(Theorem 4.3) through the use of Lemma 4.1.
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We adopt the notation “gcd” for the monic greatest common divisor. Similar to the
second step of Gosper’s algorithm [4] (see also [5, Theorem 5.3.1]), we have the following
lemma on the representation of rational functions.
Lemma 2.1. Let r(n) be a rational function over a field K . There exist polynomials
a(n), b(n), c(n), d(n) ∈ K[n] such that
r(n) = a(n)
b(n)
c(n+ 1)
c(n)
d(n)
d(n+ 1)
and
(i) gcd(a(n), b(n+ h)) = 1, ∀h ∈ Z,
(ii) gcd(c(n), d(n)) = 1,
(iii) gcd(a(n), c(n))= gcd(a(n), d(n+ 1)) = 1,
(iv) gcd(b(n), c(n+ 1)) = gcd(b(n), d(n)) = 1.
Proof. According to Step 2 of Gosper’s algorithm, there exist polynomials A(n), B(n),
and c0(n) such that
r(n) = A(n)
B(n)
c0(n + 1)
c0(n)
and
(i) gcd(A(n),B(n + h)) = 1, ∀h ∈ N,
(ii) gcd(A(n), c0(n)) = gcd(B(n), c0(n+ 1)) = 1.
Similarly, there exist polynomials a(n), b(n), and d0(n) such that
B(n)
A(n)
= b(n)
a(n)
d0(n+ 1)
d0(n)
and
(i) gcd(b(n), a(n+ h)) = 1, ∀h ∈ N,
(ii) gcd(b(n), d0(n)) = gcd(a(n), d0(n+ 1)) = 1.
Let c(n) := c0(n)/gcd(c0(n), d0(n)) and d(n) := d0(n)/gcd(c0(n), d0(n)). Noting that in
Gosper’s algorithm we have a(n) | A(n) and b(n) | B(n), it is easy to check that a(n), b(n),
c(n), and d(n) are just what we desire. 
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Step 1. Let r(n) = f (n)/g(n) where f,g are relatively prime polynomials. R(h) is the
resultant of f (n) and g(n + h). Let S = {h1, h2, . . . , hm} be the set of integer
zeros of R(h) such that |h1| |h2| · · · |hm|.
Step 2.
p0(n) := f (n); q0(n) := g(n);
for j = 1,2, . . . ,m do
sj (n) := gcd(pj−1(n), qj−1(n + hj ));
pj (n) := pj−1(n)/sj (n);
qj (n) := qj−1(n)/sj (n− hj ).
a(n) := pm(n);
b(n) := qm(n);
c0(n) :=∏hi>0∏hij=1 si (n− j);
d0(n) :=∏hi<0∏−1j=hi si (n− 1 − j);
c(n) := c0(n)/gcd(c0(n), d0(n));
d(n) := d0(n)/gcd(c0(n), d0(n)).
Corollary 2.2. Let r(n, k) be a rational function over a field K . There exist polynomials
a(n, k), b(n, k), c(n, k), d(n, k)∈ K[n, k] such that
r(n, k) = a(n, k)
b(n, k)
c(n+ 1, k)
c(n, k)
d(n, k)
d(n + 1, k) (2.1)
and
(i) gcd(a(n, k), b(n+ h, k)) = 1, ∀h ∈ Z,
(ii) gcd(c(n, k), d(n, k))= 1,
(iii) gcd(a(n, k), c(n, k))= gcd(a(n, k), d(n+ 1, k)) = 1,
(iv) gcd(b(n, k), c(n+ 1, k))= gcd(b(n, k), d(n, k))= 1.
Proof. Let K(k) denote the fractional field of K[k] and gcdk(p(n), q(n)) denote the monic
greatest common divisor of two polynomials p(n), q(n) over the field K(k). Viewing
r(n, k) as a rational function over the field K(k), by Lemma 2.1, there exist polynomials
a′(n), b′(n), c′(n), d ′(n) ∈ K(k)[n] such that
r(n, k) = a
′(n)
b′(n)
c′(n+ 1)
c′(n)
d ′(n)
d ′(n+ 1)
and
(1) gcdk(a′(n), b′(n+ h)) = 1, ∀h ∈ Z,
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(3) gcdk(a′(n), c′(n)) = gcdk(a′(n), d ′(n+ 1)) = 1,
(4) gcdk(b′(n), c′(n+ 1)) = gcdk(b′(n), d ′(n)) = 1.
Multiplying the least common denominator r(k) of all the coefficients of a′(n),
b′(n), c′(n), and d ′(n), we get polynomials a(n, k), b(n, k), c(n, k), d(n, k)∈ K[n, k] such
that (2.1) holds and
(a) gcdk(a(n, k), b(n+ h, k)) = 1, ∀h ∈ Z,
(b) gcdk(c(n, k), d(n, k))= 1,
(c) gcdk(a(n, k), c(n, k))= gcdk(a(n, k), d(n+ 1, k)) = 1,
(d) gcdk(b(n, k), c(n+ 1, k))= gcdk(b(n, k), d(n, k))= 1.
Suppose gh(n, k) = gcd(a(n, k), b(n + h, k)). Viewing gh(n, k) as the polynomials in
K(k)[n], (a) implies that gh(n, k) ∈ K(k). Hence, gh(n, k) = gh(k) ∈ K[k]. It is easy to see
that f (k) | b(n, k) implies f (k) | b(n + h, k), ∀h ∈ Z. So gh(k) is independent of h. We
denote it by g(k). Taking a(n, k)/g(k) and b(n, k)/g(k) as new a(n, k) and b(n, k), we
still have (2.1) and (a)–(d). Further more, as polynomials in K[n, k],
gcd
(
a(n, k), b(n+ h, k))= 1.
Suppose there exists h(k) ∈ K[k] such that h(k) | c(n, k). Taking c(n, k)/h(k) as new
c(n, k), we still have (2.1) and (a)–(d). Hence, without loss of generality, we may assume
that c(n, k) has no nonconstant factor in K[k]. So does d(n, k). Now we show that such
polynomials are just we desire. (2.1) and (i) have been proved above. Suppose f (n, k) =
gcd(a(n, k), c(n, k)). From (c), f (n, k) ∈ K(k), which implies that f (n, k) ∈ K[k]. But as
we assumed, c(n, k) has no nonconstant factor in K[k]. So we must have f (n, k) = 1, i.e.,
(ii) holds. Similarly, we can prove (iii) and (iv). 
3. The standard representation of double hypergeometric terms
Let F(n, k) be a double hypergeometric term. From Corollary 2.2, there exist
polynomials a(n, k), b(n, k), c(n, k), and d(n, k) such that
F(n+ 1, k)
F (n, k)
= a(n, k)
b(n, k)
· c(n+ 1, k)
c(n, k)
· d(n, k)
d(n+ 1, k) (3.1)
and (i)–(iv) in Corollary 2.2 hold. We call [a(n, k), b(n, k), c(n, k), d(n, k)] a standard
representation of F(n, k).
Lemma 3.1. Let F(n, k) be a double hypergeometric term with a standard representation
[a(n, k), b(n, k), c(n, k), d(n, k)]. Define
fM(n, k) =
M∏(
a(n− i, k + 1) · b(n− i, k)), M = 1,2, . . . ,
i=1
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gM(n, k) =
M∏
i=1
(
a(n− i, k) · b(n− i, k + 1)), M = 1,2, . . . .
There exist polynomials r(n, k) and s(n, k) such that
fM(n, k)
gM(n, k)
r(n− M,k)
s(n −M,k) =
r(n, k)
s(n, k)
, ∀M ∈ Z+. (3.2)
Proof. From Eq. (3.1), we have
F(m,k) = F(0, k) ·
m−1∏
i=0
F(i + 1, k)
F (i, k)
= F(0, k) · c(m,k)
c(0, k)
· d(0, k)
d(m,k)
·
m−1∏
i=0
a(i, k)
b(i, k)
, ∀m ∈ Z+. (3.3)
Therefore, we have
F(m,k + 1)
F (m,k)
=
∏m−1
i=0 a(i, k + 1)∏m−1
i=0 a(i, k)
·
∏m−1
i=0 b(i, k)∏m−1
i=0 b(i, k + 1)
· c(m,k + 1)
c(m, k)
· c(0, k)
c(0, k + 1)
· d(0, k + 1)
d(0, k)
· d(m,k)
d(m,k + 1) ·
F(0, k + 1)
F (0, k)
, ∀m ∈ Z+. (3.4)
Since F(n, k) is a double hypergeometric term, F(n, k + 1)/F (n, k) must be a rational
function in n and k. By Eq. (3.4), there exist two polynomials r(n, k) and s(n, k) such that∏m−1
i=0 a(i, k + 1)∏m−1
i=0 a(i, k)
·
∏m−1
i=0 b(i, k)∏m−1
i=0 b(i, k + 1)
= r(m, k)
s(m, k)
, ∀m ∈ Z+.
Hence, for any positive integer M , we have
fM(m,k)
gM(m,k)
r(m − M,k)
s(m −M,k) =
r(m, k)
s(m, k)
, ∀m>M. (3.5)
Since fM(n, k), gM(n, k), r(n, k), and s(n, k) are all polynomials, Eq. (3.5) implies that
the two rational functions
fM(n, k)
gM(n, k)
r(n− M,k)
s(n− M,k) and
r(n, k)
s(n, k)
are the same. 
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[a(n, k), b(n, k), c(n, k), d(n, k)]. For any prime factor p(n, k) of a(n, k) (b(n, k) respec-
tively), there exist integers m, i and a prime factor q(n, k) of a(n, k) (b(n, k) respectively)
such that
p(n − m,k + 1)= q(n− i, k).
Proof. Let fM(n, k) and gM(n, k) be the polynomials defined in Lemma 3.1. Given
a prime factor p(n, k) of a(n, k), suppose that for any positive integer M we have
p(n − m,k + 1)  gM(n, k), ∀1mM . Then
gcd
(
p(n − m,k + 1), gM(n, k)
)= 1, ∀1mM.
Since
∏M
i=1 p(n − i, k + 1) is a factor of fM(n, k), after reduction, the degree of the
numerator of
fM(n, k)
gM(n, k)
· r(n− M,k)
s(n− M,k)
is greater than or equal to
deg
(
M∏
i=1
p(n − i, k + 1)
)
− deg s(n −M,k) = M degp(n, k) − deg s(n, k).
When
M >
deg r(n, k) + deg s(n, k)
degp(n, k)
,
it is greater than deg r(n, k). On the other hand, Eq. (3.2) implies that the degree of
the numerator is at most deg r(n, k), which leads to a contradiction. Hence, there exist
integers M and m such that p(n−m,k+1) | gM(n, k). Since gcd(a(n, k), b(n+h, k)) = 1,
∀h ∈ Z, we have
gcd
(
p(n − m,k + 1), b(n− i, k + 1))= 1, ∀1 i M.
Hence
p(n − m,k + 1)
∣∣∣ M∏
i=1
a(n− i, k).
Noting that p(n, k) is prime, p(n − m,k + 1) | a(n − i, k) for some i . Let q(n, k) =
p(n−m+ i, k + 1). q(n, k) is a prime factor of a(n, k) and p(n−m,k + 1) = q(n− i, k),
as desired. Similarly, we can prove the case of b(n, k). 
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not all zeros such that f (n+ a, k + b)= f (n, k). There exist a polynomial of one variable
g(x) ∈ K[x] such that
f (n, k) = g(−b′n+ a′k),
where a′ = a/gcd(a, b) and b′ = b/gcd(a, b).
Proof. Clearly we have gcd(a′, b′) = 1. Hence, there exist r and s such that a′r − b′s = 1.
Let h(n, k) = f (a′n+ sk, b′n+ rk) and u = gcd(a, b). We have
h(n + u, k) = f (a′n+ a′u+ sk, b′n+ b′u+ rk) = f (a′n + sk + a, b′n + rk + b)
= f (a′n+ sk, b′n + rk) = h(n, k).
Since h(n, k) is a polynomial, h(n, k) must be independent of n. That is, there is a
polynomial of one variable g(x) ∈ K[x] such that h(n, k) = g(k). Hence,
f (n, k) = h(rn− sk,−b′n + a′k) = g(−b′n+ a′k). 
Theorem 3.4. Let F(n, k) be a double hypergeometric term with a standard representation
[a(n, k), b(n, k), c(n, k), d(n, k)]. There exist polynomials of one variable pj (x), qj (x) ∈
K[x] such that
a(n, k)=
a1∏
i=1
p1
(
a1n+ a′1k + c(1)i
) · · · ar∏
i=1
pr
(
arn+ a′rk + c(r)i
)
and
b(n, k)=
b1∏
i=1
q1
(
b1n + b′1k + d(1)i
) · · · bs∏
i=1
qs
(
bsn + b′sk + d(s)i
)
,
where aj , bj ∈ Z+, a′j , b′j , c(j)i , d(j)i ∈ Z and
c
(j)
i1
≡ c(j)i2 mod aj , ∀i1 = i2; d
(j)
i1
≡ d(j)i2 mod bj , ∀i1 = i2.
Proof. We only give the proof for a(n, k). The proof for b(n, k) is similar.
Define Ta , a ∈ Z to be the operator Ta :p(n, k) → p(n − a, k + 1) and
S = {(p1(n, k),p2(n, k), . . . , pm(n, k)): m 2
∀1 i m, pi(n, k) is a prime factor of a(n, k),
∀1 i < m, pi+1(n, k) = Tnipi(n, k) for some integer ni ,
and p1(n, k) = pm(n, k)
}
.
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Taking an arbitrary prime factor p1(n, k) of a(n, k), from Lemma 3.2, there exist an
integer n1 and a prime factor p2(n, k) of a(n, k) such that Tn1p1(n, k) = p2(n, k). For
p2(n, k), there exist n2 and a prime factor p3(n, k) of a(n, k) such that Tn2p2(n, k) =
p3(n, k), . . . . Since the number of prime factors of a(n, k) is finite, there exist 1  r < s
such that pr(n, k) = ps(n, k). Then,(
pr(n, k),pr+1(n, k), . . . , ps(n, k)
) ∈ S,
which implies that S = ∅.
Let (p1(n, k), . . . , pm(n, k)) ∈ S have minimal length m in S . Denoting m−1 by u and
n1 + n2 + · · · + nm−1 by v, we have
p1(n, k) = pm(n, k) = pm−1(n− n1, k + 1)= · · · = p1(n− v, k + u).
By Lemma 3.3, there exists a polynomial of one variable p(x) ∈ K[x] such that
p1(n, k) = p(u′n+ v′k),
where u′ = u/gcd(u, v) and v′ = v/gcd(u, v). Without loss of generality, we can assume
0 < u′  u.
Noting that pi+1(n, k) = Tnipi(n, k), there exist integers wi such that
pi(n, k) = p(u′n + v′k + wi), i = 1,2, . . . , u.
Suppose there are 1  j < l  u such that wj ≡ wl mod u′. Since pl(n, k) =
Tnl−1pl−1(n, k), it is easy to check that(
pj (n, k),pj+1(n, k), . . . , pl−1(n, k),pj (n, k)
) ∈ S,
which contradicts to the minimization of the length of (p1(n, k), . . . , pm(n, k)). Hence
u′ = u = m − 1 and wj ≡ wl , ∀1  j < l  m − 1. Since pi(n, k) are all prime
polynomials, we have p1(n, k) · · ·pm−1(n, k) | a(n, k). Clearly,
n−1∏
i=0
p1(i, k) · · ·pm−1(i, k)
p1(i, k + 1) · · ·pm−1(i, k + 1)
=
n−1∏
i=0
Tnm−1pm−1(i, k)Tn1p1(i, k) · · ·Tnm−2pm−2(i, k)
p1(i, k + 1) · · ·pm−1(i, k + 1)
=
∏
ni>0
pi(−ni, k + 1) · · ·pi(−1, k + 1)
pi(n− ni, k + 1) · · ·pi(n− 1, k + 1)
×
∏ pi(n, k + 1) · · ·pi(n− ni − 1, k + 1)
pi(0, k + 1) · · ·pi(−ni − 1, k + 1) , (3.6)
ni<0
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F̂ (n, k) = F(n, k)∏n−1
i=0 p1(i, k) · · ·pm−1(i, k)
and aˆ(n, k) = a(n, k)
p1(n, k) · · ·pm−1(n, k) ,
F̂ (n, k) is a double hypergeometric term with a standard representation [aˆ(n, k), b(n, k),
c(n, k), d(n, k)]. By inducing on the number of prime factors of a(n, k), we end the proof
of Theorem 3.4. 
Corollary 3.5. Let F(n, k) be a double hypergeometric term with a standard representation
[a(n, k), b(n, k), c(n, k), d(n, k)]. There exist polynomials of one variable fi(x), gi(x) ∈
K[x] such that∏n−1
i=0 a(i, k + 1)∏n−1
i=0 a(i, k)
·
∏n−1
i=0 b(i, k)∏n−1
i=0 b(i, k + 1)
=
∏t
i=1 fi(uin+ u′ik)∏t
i=1 gi(vin + v′ik)
,
where u′i , v′i are nonzero integers.
Proof. Noting that in the proof of Theorem 3.4 we have Eq. (3.6) and pi(n, k) =
p(un + vk + wi), the proof is straightforward. 
We also derived the Ore–Sato Theorem [3,6,7]:
Corollary 3.6. Let F(n, k) be a double hypergeometric term with a standard representation
[a(n, k), b(n, k), c(n, k), d(n, k)]. There exist a polynomial P(n, k) and ai, bi, a′j , b′j ∈ Z,
ci, c
′
j , z1, z2 ∈ C such that
F(n, k) = P(n, k)
d(n, k)
·
∏M
i=1(ain+ bik + ci)!∏N
j=1(a′j n+ b′j k + c′j )!
zn1z
k
2.
Proof. Since every prime polynomial over the field C of one variable is of degree one, by
Theorem 3.4, a(n, k) and b(n, k) are products of terms having the form
u∏
i=1
(un+ vk + wi − α),
where u ∈ Z+, v ∈ Z, α ∈ C, and wi ∈ Z such that wj ≡ wl , ∀j = l. Assume wi = i + uri .
Let rmin and rmax be the minimal and maximal elements of ri ’s, respectively. Then,
n−1∏ u∏
(uj + vk + wi − α)j=0 i=1
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u∏
i=1
n−1∏
j=0
(
vk − α + u(j + ri )+ i
)
=
u∏
i=1
∏rmax+n
l=rmin−1(vk − α + ul + i)∏ri−1
l=rmin−1(vk − α + ul + i)
∏rmax
l=ri (un+ vk − α + ul + i)
= (un + vk − α + urmax + u)!
(vk − α + u(rmin − 1))!
×
(
u∏
i=1
(
ri−1∏
l=rmin−1
(vk − α + ul + i)!
(vk − α + ul + i − 1)!
rmax∏
l=ri
(un+ vk − α + ul + i)!
(un+ vk − α + ul + i − 1)!
))−1
,
which means that
∏n−1
j=0
∏u
i=1(uj +vk+wi −α) is a ratio of products of factorials. Hence,∏n−1
i=0 a(i, k)/b(i, k) can be represented as
zn1
∏r
i=1(a˜in + a˜′ik − α˜i )!∏r
i=1(b˜in+ b˜′ik − β˜i)!
,
where a˜i , a˜′i , b˜i , b˜′i ∈ Z and α˜i , β˜i , z1 ∈ C.
Since F(n, k) is double hypergeometric, F(0, k+1)/F (0, k) is a rational function of k.
Suppose it is f (k)/g(k), where f (x), g(x) ∈ K[x] are polynomials of one variable. We
have
F(0, k)= F(0,0)
k−1∏
i=0
f (i)
g(i)
.
Using the fact that each prime polynomial of one variable is of degree one again, F(0, k)
can be represented as
zk2
∏s
i=1(c˜ik − γ˜i)!∏s
i=1(c˜′ik − γ˜ ′i )!
,
where c˜i , c˜′i ∈ Z and γ˜i , γ˜ ′i , z2 ∈ C. Similarly, c(0, k) can be represented as the ratio of
products of factorials also.
By Eq. (3.3), we get the conclusion immediately. 
4. Existence of k-free recurrence relations
Let α1, . . . , αm be positive integers and (a1, b1), . . . , (am, bm) distinct ordered pairs of
integers. Let gij (n, k), hij (n, k), i, j ∈ Z are nonzero polynomials of K[n, k] and p(n, k)
are nonconstant polynomials of K[n, k] which satisfy
gcd
(
gij (n, k),p(n + i + al, k + j + bl)
)= 1, ∀1 l m,
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(
hij (n, k),p(n + a, k + b)
)= 1, ∀a, b ∈ Z,
and
gcd
(
p(n, k),p(n + a, k + b))= 1, ∀a, b ∈ Z except a = b = 0.
Define
fij (n, k) = gij (n, k)
hij (n, k) ·∏ml=1 pαl (n + i + al, k + j + bl) .
Lemma 4.1. Let S be a finite subset of Z2. Suppose∑
(i,j)∈S
aij (n)fij (n, k) = 0,
where aij (n) ∈ K[n] are polynomials of one variable n. Then
aij (n) = 0, ∀ (i, j) ∈ S.
Proof. We will prove the lemma by induction on the cardinality |S| of S.
If |S| = 1, without loss of generality, we assume S = {(0,0)}. Hence
a00(n)
g00(n, k)
h00(n, k)
∏m
l=1 pαl (n + al, k + bl)
= 0.
Since g00(n, k) = 0, we must have a00(n) = 0.
Suppose the assertion holds for |S| < M . We consider S with |S| = M .
Let
S′ = {(i + al, j + bl): (i, j) ∈ S, 1 l m}
and
βi′j ′ = max
1lm
{
αl : (i
′ − al, j ′ − bl) ∈ S
}
.
Noting that ∑
(i,j)∈S
aij (n)fij (n, k) = 0
if and only if( ∑
aij (n)fij (n, k)
)
·
∏
′ ′ ′
pβi′j ′ (n + i ′, k + j ′) ·
∏
hij (n, k) = 0,(i,j)∈S (i ,j )∈S (i,j)∈S
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∑
(i,j)∈S
(
aij (n)gij (n, k)
∏
(u,v)∈S\{(i,j)}
huv(n, k)
∏
(i′,j ′)∈S ′ p
βi′j ′ (n + i ′, k + j ′)∏m
l=1 pαl (n + i + al, k + j + bl)
)
= 0. (4.1)
Let (at , bt ) be the left-bottom-most element of {(a1, b1), . . . , (am, bm)}, i.e.,
at = min
1lm
al and bt = min
1lm
{bl: al = at}.
Similarly, let (i0, j0) be the left-bottom-most element of S. Denoting (i0 + at , j0 + bt ) by
(i ′0, j ′0), then for (i, j) ∈ S and 1 l m,
(i + al, j + bl) =
(
i ′0, j ′0
) ⇔ (i, j) = (i0, j0) and l = t .
Hence, p(n+ i ′0, k+j ′0) does not appear in
∏m
l=1 pαl (n+ i+al, k+j +bl) for all (i, j) ∈ S
except (i, j) = (i0, j0). And then,
p
(
n+ i ′0, k + j ′0
) ∣∣∣∣
∏
(i′,j ′)∈S ′ p
βi′j ′ (n + i ′, k + j ′)∏m
l=1 pαl (n + i + al, k + j + bl)
holds for all (i, j) ∈ S except (i, j) = (i0, j0). By (4.1), p(n + i ′0, k + j ′0) also divides
ai0j0(n)gi0j0(n, k)
∏
(u,v)∈S\{(i0,j0)}
huv(n, k)
∏
(i′,j ′)∈S ′ p
βi′,j ′ (n+ i ′, k + j ′)∏m
l=1 pαl (n+ i0 + al, k + j0 + bl)
.
Since
gcd
(
gij (n, k),p(n + i + al, k + j + bl)
)= 1, ∀1 l m,
gcd
(
hij (n, k),p(n + a, k + b)
)= 1, ∀a, b ∈ Z,
and
gcd
(
p(n, k),p(n + a, k + b))= 1, ∀a, b ∈ Z except a = b = 0,
we have
p
(
n+ i ′0, k + j ′0
) ∣∣ ai0j0(n).
If ai0j0(n) = 0, it implies that p(n, k) is only dependent on n, which contradicts the fact
that gcd(p(n, k),p(n, k + 1)) = 1. Hence, ai0j0(n) = 0. By hypothesis of induction, for
S \ {(i0, j0)} we have
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{
(i0, j0)
}
.
Hence the assertion holds for S. 
Theorem 4.2. Let F(n, k) be a double hypergeometric term with a standard representation
[a(n, k), b(n, k), c(n, k), d(n, k)]. F(n, k) satisfies a k-free recurrence relation if and only
if there exist polynomials of one variable di(x) ∈ K[x] and integers ci, c′i such that
d(n, k) =
w∏
i=1
di
(
cin + c′ik
)
.
Proof. Suppose F(0, k + 1)/F (0, k) = u(k)/v(k), where u(k), v(k) are nonzero polyno-
mials in K[k]. Combining Theorem 3.4, Corollary 3.5, Eqs. (3.4) and (3.1), we have
F(n + i, k + j)
F (n, k)
=
j−1∏
m=0
F(n + i, k + m + 1)
F (n + i, k + m) ·
i−1∏
m=0
F(n+ m + 1, k)
F (n+ m,k)
=
j−1∏
m=0
∏t
l=1 fl(ul(n + i)+ u′l (k + m))∏t
l=1 gl(vl(n+ i)+ v′l (k + m))
i−1∏
m=0
∏r
l=1 p˜l(al(n+ m)+ a′lk)∏s
l=1 q˜l(bl(n + m)+ b′lk)
×
j−1∏
m=0
u(k + m)
v(k + m)
c(n+ i, k + j)
c(n, k)
· c(0, k)
c(0, k + j)
× d(n, k)
d(n+ i, k + j) ·
d(0, k + j)
d(0, k)
.
(⇐) Suppose
d(n, k) =
w∏
l=1
dl
(
cln+ c′lk
)
.
Let
Sl1 =
{
vl i + v′lj : 0 i  I, 0 j  J − 1
}
, l = 1,2, . . . , t,
Sl2 =
{
cli + c′lj : 0 i  I, 0 j  J
}
, l = 1,2, . . . ,w.
X(n, k) =
t∏
l=1
∏
s1∈Sl1
gl
(
vln+ v′lk + s1
) w∏
l=1
∏
s2∈Sl2
dl
(
cln+ c′lk + s2
)
×
s∏ I−1∏
q˜l
(
bl(n +m)+ b′lk
)
c(n, k)d(0, k)
J−1∏
v(k + m)
J∏
c(0, k + m).l=1 m=0 m=0 m=0
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∀0 i  I, 0 j  J, X(n, k)F (n+ i, k + j)
F (n, k)
∈ K[n, k],
and the degree of it is less than or equal to
D = J ·
t∑
l=1
degfl + I ·
r∑
l=1
deg p˜l + J degu+ 2(degc + degd)
+
t∑
l=1
(∣∣Sl1∣∣)deggl + w∑
l=1
(∣∣Sl2∣∣)degdl + I · s∑
l=1
deg q˜l + J (degv + degc).
Since |Sl1|  |vl |I + |v′l |J and |Sl2|  |cl |I + |c′l |J + 1, D is bounded by the linear
combination of I and J . Similar to the proof for proper hypergeometric terms [5,
Theorem 4.4.1], there exist cij (n) of not all zeros such that
∑
0iI,0jJ
cij (n)X(n, k)
F (n+ i, k + j)
F (n, k)
= 0.
Since X(n, k) = 0, we have
∑
0iI,0jJ
cij (n)
F (n+ i, k + j)
F (n, k)
= 0,
which is a k-free recurrence relation for F(n, k).
(⇒) Suppose F(n, k) satisfies a k-free recurrence relation. If there exists a prime factor
p(n, k) of d(n, k) such that
gcd
(
p(n, k),p(n + a, k + b))= 1, ∀a, b ∈ Z except a = b = 0,
then we can write d(n, k) in the following form
d(n, k) = d˜(n, k)
M∏
l=1
pαl (n+ al, k + bl),
where αl ∈ Z+, (al, bl) are distinct ordered pairs of integers and
gcd
(
d˜(n, k),p(n + a, k + b))= 1, ∀a, b ∈ Z.
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gij (n, k) =
j−1∏
m=0
t∏
l=1
fl
(
ul(n+ i)+ u′l(k + m)
) i−1∏
m=0
r∏
l=1
p˜l
(
al(n +m)+ a′lk
) j−1∏
m=0
u(k + m)
× c(n+ i, k + j) · c(0, k) · d(0, k + j),
hij (n, k) =
j−1∏
m=0
t∏
l=1
gl
(
vl(n+ i)+ v′l (k + m)
) j−1∏
m=0
s∏
l=1
q˜l
(
bl(n + m)+ b′lk
) j−1∏
m=0
v(k + m)
× c(0, k + j)d˜(n + i, k + j)d(0, k).
We have∑
0iI, 0jJ
aij (n)F (n + i, k + j) = 0
⇔
∑
0iI, 0jJ
aij (n)
F (n + i, k + j)
F (n, k)
= 0
⇔
∑
0iI, 0jJ
aij (n)
gij (n, k)
hij (n, k)
∏M
l=1 pαl (n+ i + al, k + j + bl)
= 0.
Noting that
gcd
(
c(n, k), d(n, k)
)= 1
and
z(n, k) = z(an+ bk) ⇒ gcd(z(n, k), z(n+ b, k − a))= z(n, k),
we have
gcd
(
gij (n, k),p(n + i + al, k + j + bl)
)= 1, ∀1 l M,
and
gcd
(
hij (n, k),p(n + a, k + b)
)= 1, ∀a, b ∈ Z.
From Lemma 4.1, ∑
0iI, 0jJ
aij (n)F (n+ i, k + j) = 0
implies that
aij (n) = 0, ∀0 i  I, 0 j  J,
484 Q.-H. Hou / Advances in Applied Mathematics 32 (2004) 468–484which contradicts to the hypothesis that F(n, k) has a k-free recurrence relation. Hence,
for every prime factor p(n, k) of d(n, k), there exist a, b ∈ Z of not all zeros such that
gcd
(
p(n, k),p(n + a, k + b)) = 1.
Since p(n, k) is prime, we must have p(n + a, k + b) = p(n, k). From Lemma 3.3,
p(n, k) = p(−b′n+ a′k). Hence,
d(n, k) =
w∏
i=1
di
(
cin + c′ik
)
. 
Similar to the proof of Corollary 3.6, one can express d(n, k) as the ratio of products of
factorials. Hence, combining Corollary 3.6 and Proposition 1.2, we arrive at the following
assertion:
Theorem 4.3. All holonomic double hypergeometric terms are proper.
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